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IGA Motivations

Resolve the mismatch between CAD and FEM representations in
engineering computing practice:

e CAD (Computer Aided Design) represents bodies/domains
using NURBS (Non Uniform Rational B-Splines) functions
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Resolve the mismatch between CAD and FEM representations in
engineering computing practice:
e CAD (Computer Aided Design) represents bodies/domains
using NURBS (Non Uniform Rational B-Splines) functions
e FEM (Finite Element Method/Analysis) is based on C°
piecewise polynomial functions

@ (constraint: CAD industry is about five times the FEM
industry in terms of economic bulk, therefore it is quite
unreasonable to expect a change in CAD industry)
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IGA Motivations

Resolve the mismatch between CAD and FEM representations in
engineering computing practice:
e CAD (Computer Aided Design) represents bodies/domains
using NURBS (Non Uniform Rational B-Splines) functions
e FEM (Finite Element Method/Analysis) is based on C°
piecewise polynomial functions
@ (constraint: CAD industry is about five times the FEM

industry in terms of economic bulk, therefore it is quite
unreasonable to expect a change in CAD industry)

Possible solution: Isogeometric Analysis (IGA), that uses CAD
geometry and NURBS discrete spaces in Galerkin or Collocation
framefork (~ hpk-fem).
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IGA Motivations

Resolve the mismatch between CAD and FEM representations in
engineering computing practice:

e CAD (Computer Aided Design) represents bodies/domains
using NURBS (Non Uniform Rational B-Splines) functions

e FEM (Finite Element Method/Analysis) is based on C°
piecewise polynomial functions

@ (constraint: CAD industry is about five times the FEM
industry in terms of economic bulk, therefore it is quite
unreasonable to expect a change in CAD industry)

Possible solution: Isogeometric Analysis (IGA), that uses CAD
geometry and NURBS discrete spaces in Galerkin or Collocation
framefork (~ hpk-fem).

IGA stiffness matrices very ill-conditioned (/= p?9+24P9 [Gahalaut
et al. 2014]) — good preconditioners very much needed
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Some IGA DD references

IGA very active emerging field, growing literature, see e.g.
J. A. Cottrell, T. J. R. Hughes, Y. Bazilevs, Isogeometric Analysis. Toward
integration of CAD and FEA, Wiley, 2009 and subsequent works
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Some IGA DD references

IGA very active emerging field, growing literature, see e.g.

JA

Cottrell, T. J. R. Hughes, Y. Bazilevs, Isogeometric Analysis. Toward

integration of CAD and FEA, Wiley, 2009 and subsequent works

But few references for IGA iterative solvers are available:

Overlapping Schwarz [Beirdo da Veiga, Cho, LFP, Scacchi, SINUM 2012,
CMAME 2013]

BDDC [Beirdo da Veiga, Cho, LFP, Scacchi, M3AN 2013], [Beirdo da
Veiga, LFP, Scacchi, Widlund, Zampini, SISC 2014]

IETI [Kleiss, Pechstein, Juttler, Tomar, CMAME 2012]
Multigrid [Gahalaut, Kraus, Tomar, CMAME 2012], [Takacs et al. 2015]
BPX [Buffa, Harbrecht, Kunoth, Sangalli, CMAME 2013]
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Notations for B-splines

o Q:=(0,1) x (0,1) 2D parametric space.
@ Knot vectors

{61 =0,... ’€H+P+1 = 1}7 {771 =0,..., Nm+q+1 = 1}7
generate a mesh of rectangular elements in parametric space

e 1D basis functions N?, qu, i=1,...n j=1,... mof degree
p and q, respectively, are defined from the knot vectors
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o Q:=(0,1) x (0,1) 2D parametric space.
@ Knot vectors

{61 =0,... ’€H+P+1 = 1}7 {771 =0,..., Nm+q+1 = 1}7
generate a mesh of rectangular elements in parametric space

e 1D basis functions N?, qu, i=1,...n j=1,... mof degree
p and q, respectively, are defined from the knot vectors

Bivariate spline basis on Q is then defined by the tensor product

BPH(&,m) = NP (&) M(n)
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Notations for B-splines

o Q:=(0,1) x (0,1) 2D parametric space.
@ Knot vectors

{61 =0,... ’€H+P+1 = 1}7 {771 =0,..., Nm+q+1 = 1}7
generate a mesh of rectangular elements in parametric space

e 1D basis functions N?, qu, i=1,...n j=1,... mof degree
p and q, respectively, are defined from the knot vectors

Bivariate spline basis on Q is then defined by the tensor product
BPH(&,m) = NP (&) M(n)
2D B-spline space:
Sh=span{BL(&,n), i=1,....nj=1,... m}

Analogously in 3D
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Notations for NURBS

@ 1D NURBS basis functions of degree p are defined by

P(E)w;
RP(e) = P

where w(§) = Z Nf(f)w; € 8y is a fixed weight function
i=1
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Notations for NURBS

@ 1D NURBS basis functions of degree p are defined by

where w(§) = Z Nf(f)w; € 8y is a fixed weight function
i=1

@ 2D NURBS basis functions in parametric space Q= (0,1)2

BP9(&,nwij

RTED= ")

n

with w(&,n) Z Z Bfl"(g, n)w; ; fixed weight function,

i=1 _] 1
wijj = (C )3 and C;; a mesh of n x m control points
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Define the geometrical map F : Q-0 given by

ZZR”" 7)Ci .

i=1 j=1
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Define the geometrical map F : Q-0 given by
DI
i=1 j=1

Space of NURBS scalar fields on a single-patch domain Q (NURB
region) is the span of the push-forward of 2D NURBS basis
functions (as in isoparametric approach)

N, ;:span{Rf’forl,i:1,...,n;j:1,...,m}.
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Define the geometrical map F : Q-0 given by
DI
i=1 j=1

Space of NURBS scalar fields on a single-patch domain Q (NURB
region) is the span of the push-forward of 2D NURBS basis
functions (as in isoparametric approach)

N, ;:span{Rfforl,i:1,...,n;j:1,...,m}.

The image of the elements in the parametric space are elements in
the physical space. The physical mesh on  is therefore

ﬂ,:{F((f,’,fH_l)X (77j;"7j+1))a i:17"'7n+p7j:17"'7m+q}7

where the empty elements are not considered.
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(Fig. 1.9 from Cottrell et al., Wiley, 2009)

From CAD and FEA to Isog ic Analysis 17
Control mesh ,_\
© Control point B, Physical
space

S(&m)=XB,R,(&n)

=

\ Integration is
. performed on the
', parent element

« 0
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o

-1
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Model scalar elliptic problem and IGA

Find u € V such that a(u,v) = / fvdx Vv eV, with J
Q

@ bilinear form a(u, v) = / pVuVvdx with
Q

0 < pmin < p(x) < pmax for all x € Q € R¥, a bounded and
connected CAD domain

Isogeometric Domain Decomposition Preconditioners
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Model scalar elliptic problem and IGA

Find u € V such that a(u,v) = / fvdx Vv eV, with J
Q

@ bilinear form a(u, v) = / pVuVvdx with
Q

0 < pmin < p(x) < pmax for all x € Q € R¥, a bounded and
connected CAD domain
o NURBS discrete space V = N}, N H}(Q) =

:span{RquoF_17i:2,...,n—1;j:2,...,m—1}

Isogeometric Domain Decomposition Preconditioners
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Model scalar elliptic problem and IGA

Find u € V such that a(u,v) = / fvdx Vv eV, with J
Q

@ bilinear form a(u, v) = / pVuVvdx with
Q

0 < pmin < p(x) < pmax for all x € Q € R¥, a bounded and
connected CAD domain

o NURBS discrete space V = N}, N H}(Q) =
:span{Rﬁj’.qu_l,i:2,...,n—1; j=2,...,m—1}
(Spline space V = 8, N HL(Q) =
— P,q [ — ;| —

_span{Bi,j &mn), i=2,...,n—=1,j=2,....m—1})

Elasticity and Stokes considered later.
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1D decomposition in parameter space

Nonoverlapping subdomains:

/I\: [O, 1] = le, k= (fik7§fk+1)
k=1,..N

o~

characteristic subdomain size H ~ H) = diam(/x)
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1D decomposition in parameter space

Nonoverlapping subdomains:

/I\: [O, 1] = le, k= (fik7§fk+1)
k=1,..N

o~

characteristic subdomain size H ~ H) = diam(/x)

Overlapping subdomains: V¢;, choose an index si (strictly
increasing in k) with s, < ix < sk + p+ 1, so that supp(N5)
intersects both /,_; and /. Then define

II/( - U Supp(NJp) = (gsk_r7€5k+1+r+p+1)
NjPer

where r is the overlap index
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1D decomposition in parameter space

Nonoverlapping subdomains:

/I\: [O, 1] = le, k= (fik7§fk+1)
k=1,..N

o~

characteristic subdomain size H ~ H) = diam(/x)

Overlapping subdomains: V¢;, choose an index si (strictly
increasing in k) with s, < ix < sk + p+ 1, so that supp(N5)
intersects both /,_; and /. Then define

II/( - U Supp(NJp) = (gsk_r7€5k+1+r+p+1)
NjPer

where r is the overlap index

Local subspaces: Vj = span{l\/ﬁ(f), sk —r <j<sg1+r} J
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1D example with 2 subdomains, 9 basis functions

Subdomains:/jl = (0,1/2) and b= (1/2,1),
Subspaces: V4 and V,

N? N?

2r + 1 = number of common basis functions among adjacent
subdomains.
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1D coarse space

a) Nested coarse space: define a (open) coarse knot vector
0 0
60 = {51 = 07 ""€NC+P+1 = 1}

corresponding to the coarse mesh of subdomains Tk. Then

Vo = span{N?’p(f), i=2,..,N.—1} J
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1D coarse space

a) Nested coarse space: define a (open) coarse knot vector
0 0
50 - {gl = 0, "‘7€Nc+p+1 = 1}

corresponding to the coarse mesh of subdomains Tk. Then

Vo = Span{N?’p(g), i=2,..,N.—1} J

b) Non-nested coarse space (standard piecewise linear, p = 1):

Vo := span{N®}(¢), i=2,.., N. — 1} J
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2D B-spline decomposition

2D (3D analogous) extension by tensor product:

/I\k = (gikagik+1)7 /l\l = (77j/777j/+1)7 ﬁk/ :/I\k X//\/, ﬁ;d = lli X II/

Define local B-spline subspaces:

Vi = span{

. d
BP9 Sk_r§’§5k+1+ra}
WS —r<j<S 1+ ’
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2D B-spline decomposition

2D (3D analogous) extension by tensor product:
/k - (gikagik+1)7 // = (77j/777j/+1)7 Qk/ - Ik X /la Q;(/ - lli X II/

Define local B-spline subspaces:

. d

& Sk —r <1< Skp1+r,

Vi = |span{BF:9, °* i
K [p {85 s/—r§1§51+1+r} ’

and a coarse B-spline space

- d
o= [oont8) 1210 ’
with coarse basis functions Bopq(f,n) = N?’p(f)Mj(-)’q(n) (nested)
or Boi}q(ﬁ,n) = N?’l(g)/\/lq’l(n) (non-nested)
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NURBS decomposition in physical space

The subdomains in physical space are defined as the image of the
subdomains in parameter space with respect to the mapping F:

Q= F(ﬁkl)y W= F(Alkl)'
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NURBS decomposition in physical space

The subdomains in physical space are defined as the image of the
subdomains in parameter space with respect to the mapping F:

Q= F(ﬁkl)y W= F(AZ/)-

Define local NURBS subspaces:

. d
1 Sk—r<i<Sy1+r
Vig = |span{RP:9oF 1 : ’
K pan{Ri; ’ §/—f§J§§/+1+f} ’
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NURBS decomposition in physical space

The subdomains in physical space are defined as the image of the
subdomains in parameter space with respect to the mapping F:

Q= F(ﬁkl)y W= F(AZ/)-

Define local NURBS subspaces:

) d
1 Sk—r<i<Sy1+r

Vi = |span{RP:9cF 1 ; ’
kil |:p {I,j ) gl_r§1§§l+1_’_r} )

and a coarse NURBS space

_ d
B op,q _1 | = 1,.-~7NC1
Vo = [Span{RiJ oF ™, j=1,..,M, }} ’ J

with Ii’i}q:: Boﬁ;-q/w the coarse NURBS basis functions
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Overlapping Additive Schwarz (OAS) preconditioners

Given embedding operators
Ry:Vig—V, k=1....NI=1... M, Ry: Vo = V, define:
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Overlapping Additive Schwarz (OAS) preconditioners

Given embedding operators
Ry:Vig—V, k=1....NI=1... M, Ry: Vo = V, define:

@ local projections 'T'k/ :V — Vi by

a(:i:klu’ v) = a(u, Ryv) Vv € Vy,
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Overlapping Additive Schwarz (OAS) preconditioners

Given embedding operators
Ry:Vig—V, k=1....NI=1... M, Ry: Vo = V, define:

@ local projections 'T'k/ :V — Vi by
a('T'k/u, V) = a(u, Rk/V) Yv € Vi,
@ a coarse projection 'T'o :V — Wy by

a(Tou,v) = a(u, Rov) Vv € V,
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Overlapping Additive Schwarz (OAS) preconditioners

Given embedding operators
Ry:Vig—V, k=1....NI=1... M, Ry: Vo = V, define:

@ local projections 'T'k/ :V — Vi by
a('T'k/u, v) = a(u, Ryyv) Vv € Vy,
@ a coarse projection 'T'o :V — Wy by
a('T'ou, v) = a(u, Ryv) Vv € V,
and Ty = RiyTw, To = RoTo.
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Overlapping Additive Schwarz (OAS) preconditioners

Given embedding operators
Ry:Vig—V, k=1....NI=1... M, Ry: Vo = V, define:

@ local projections 'T'k/ :V — Vi by

a(Twu,v) = a(u, Ryv) Vv € Vi,
@ a coarse projection 'T'o :V — Wy by

a('T'ou, v) = a(u, Ryv) Vv € V,

and Tk/ = Rk/-T-k/, To = Rorlzo.
N M
Our IGA OAS operator is then: Tpoas := To + Z ZTk/,

k=1 I=1
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Overlapping Additive Schwarz (OAS) preconditioners

Given embedding operators
Ry:Vig—V, k=1....NI=1... M, Ry: Vo = V, define:
@ local projections 'T'k/ :V — Vi by

a(:i:klu’ v) = a(u, Ryv) Vv € Vy,
@ a coarse projection :I:o :V — Wy by
a(-T-OUa v) = a(u,Rov) Vv e V,

and Tk/ = Rk/-T-k/, To = Rorlzo.
N M
Our IGA OAS operator is then: Tpoas := To + ZZTk/,
k=1 I=1
in matrix form: Tpas = Bai\s.A, where Bai\s is the OAS prec.

N M
Boas = Ro Ay Ro+ > > R At Ru.
k=1 |=1
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OAS convergence rate bound:

The condition number of the 2-level additive Schwarz
preconditioned isogeometric operator Tpas is bounded by

H
k2(Toas) < C <1 + 7) ;

where v = h(2r + 2) is the overlap parameter and C is a constant
independent of h, H, N,~ (but not of p, k or A, p).
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OAS convergence rate bound:

The condition number of the 2-level additive Schwarz
preconditioned isogeometric operator Tpas is bounded by

H
k2(Toas) < C <1 + 7) ;

where v = h(2r + 2) is the overlap parameter and C is a constant
independent of h, H, N,~ (but not of p, k or A, p).

Scalar proof in: Beirdo da Veiga, Cho, LFP, Scacchi. Overlapping Schwarz
methods for Isogeometric Analysis. SINUM 2012

Compressible elasticity: Beirdo da Veiga, Cho, LFP, Scacchi, Isogeometric
Schwarz preconditioners for linear elasticity systems. CMAME 2013.

Open problems:

- DD theory in p and k,

- extension to other (non-Galerking) IGA variants: IGA collocation
(nodal), IGA DG (see work in U. Langer's group)
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Numerical results for scalar elliptic pbs.

@ 2D and 3D model elliptic problems on both parametric
(reference square or cube) and physical domains, zero rhs,
Dirichlet or mixed b.c.
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Numerical results for scalar elliptic pbs.

@ 2D and 3D model elliptic problems on both parametric
(reference square or cube) and physical domains, zero rhs,
Dirichlet or mixed b.c.

@ model problem is discretized with isogeometric NURBS spaces
with associated mesh size h, polynomial degree p, regularity
k, using the Matlab isogeometric library GeoPDEs:

C. De Falco, A. Reali, and R. Vazquez. GeoPDEs: a research tool for
Isogeometric Analysis of PDEs. TR 22PV10/20/0 IMATI-CNR, 2010
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Numerical results for scalar elliptic pbs.

@ 2D and 3D model elliptic problems on both parametric
(reference square or cube) and physical domains, zero rhs,
Dirichlet or mixed b.c.

@ model problem is discretized with isogeometric NURBS spaces
with associated mesh size h, polynomial degree p, regularity
k, using the Matlab isogeometric library GeoPDEs:

C. De Falco, A. Reali, and R. Vazquez. GeoPDEs: a research tool for
Isogeometric Analysis of PDEs. TR 22PV10/20/0 IMATI-CNR, 2010

@ the domain is decomposed into NV overlapping subdomains of
characteristic size H and overlap index r
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Numerical results for scalar elliptic pbs.

@ 2D and 3D model elliptic problems on both parametric
(reference square or cube) and physical domains, zero rhs,
Dirichlet or mixed b.c.

@ model problem is discretized with isogeometric NURBS spaces
with associated mesh size h, polynomial degree p, regularity
k, using the Matlab isogeometric library GeoPDEs:

C. De Falco, A. Reali, and R. Vazquez. GeoPDEs: a research tool for
Isogeometric Analysis of PDEs. TR 22PV10/20/0 IMATI-CNR, 2010

@ the domain is decomposed into NV overlapping subdomains of
characteristic size H and overlap index r

@ discrete systems solved by PCG with isogeometric Schwarz
preconditioner Bpas, with zero initial guess and stopping
criterion a 107 reduction of the relative PCG residual
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2D Ring domain, NURBS with p =3,k =2
1- and 2-level OAS preconditioner with r =0

1/h=38 1/h =16 1/h =32 1/h = 64 1/h =128

N K2 it. K2 it. K2 it. K2 it. K2 it.
»n| 2x2 | 769 14 | 13.07 17 | 25.10 21 | 49.49 30 | 98.47 41
g 4x4 1854 22 | 39.42 29 | 81.28 41 | 165.02 58
< | 8x8 65.75 38 | 146.45 54 | 307.67 78
3| 16 x16 255.98 73 | 5.75¢2 106
S| 32x32 1.02¢3 146
»w| 2x2 | 730 14 | 698 14 | 1144 17 | 2058 22 | 3897 30
g 4x4 812 18 | 10.62 20 | 1960 23 | 37.72 32
< | 8x8 841 19 | 1392 21 | 2988 27
3| 16x16 832 19 | 1550 22
A | 32x32 834 19
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p=3, H/h=4, r=0, as 2-lev in parametric space p=3, r=0, N=2 x 2, as 2-lev on square domain
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2D ring domain

condition number
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Square domain, 1/h =32, N=2x2, H/h=16

k=p—1 k=0
no prec. 2-level OAS no prec. 2-level OAS
P r=0 r=2 r=4 r=p r=0 r=p
2 78.12 7.08 4.63 4.11 4.63 554.89 8.98 4.87
3 82.10 6.71 4.24 4.32 4.18 | 1.07e+3 8.46 4.88
4 206.71 6.02 4.10 4.29 4.29 | 1.76e+3 8.47 4.92
5 | 1.57e+3 15.52 4.67 4.61 4.76 | 1.26e+4 8.65 4.97
6 | 1.29e+4 12.64 4.88 4.66 4.79 | 1.53e+5 8.80 4.98
7 | 1.02e+5 55.09 6.84 5.21 4.99 | 1.98e+6 9.13 4.99
8 | 2.99e+5 37.43 7.61 5.35 4.98 | 1.86e+6 | 10.55 4.98
9 | 1.07e+6 | 289.61 13.12 6.62 4.99 | 2.96e+6 | 12.23 4.99
10 | 1.24e+6 | 156.85 13.44 6.20 4.99 | 6.34e+6 | 13.48 4.99
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Square domain, 1/h =32, N=2x2, H/h=16

k=p—1 k=0
no prec. 2-level OAS no prec. 2-level OAS
P r=0 r=2 r=4 r=p r=0 r=p
2 78.12 7.08 4.63 4.11 4.63 554.89 8.98 4.87
3 82.10 6.71 4.24 4.32 4.18 | 1.07e+3 8.46 4.88
4 206.71 6.02 4.10 4.29 4.29 | 1.76e+3 8.47 4.92
5 | 1.57e+3 15.52 4.67 4.61 4.76 | 1.26e+4 8.65 4.97
6 | 1.29e+4 12.64 4.88 4.66 4.79 | 1.53e+5 8.80 4.98
7 | 1.02e+5 55.09 6.84 5.21 4.99 | 1.98e+6 9.13 4.99
8 | 2.99e+5 37.43 7.61 5.35 4.98 | 1.86e+6 | 10.55 4.98
9 | 1.07e+6 | 289.61 13.12 6.62 4.99 | 2.96e+6 | 12.23 4.99
10 | 1.24e+6 | 156.85 13.44 6.20 4.99 | 6.34e+6 | 13.48 4.99

no prec. 2-level OAS

cond. number
cond. number

k=p-1, =0

| ' k=00p-1, r=p
10
10° 10°
2 3 4 5 6 7 8 9 10 2 3 4 5 6 7 8 9 10
p P
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3D tests: OAS scalability

3D cubic domain, H/h=4,p=3,k=2
2-level OAS preconditioner with r = 0,1

r=20 r=1

N K2 = AVAX/Amin it | K2 = Amax/Amin it
2X2x2 18.60 = 8.20/0.44 21 10.05 = 8.78/0.87 19
3x3x3 18.80 = 8.26/0444 24 11.92 = 9.63/0.81 21
4x4x4 | 19.66 =8.29/0.42 25 | 12.74 =9.84/0.77 22
5x5x5 | 19.46 =8.30/0.43 25 | 13.23=9.92/0.75 23
6x6x6 | 19.52=28.31/0.43 25 | 13.40=9.99/0.75 23
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3D ring: 16 x16 x8, N=4x4x2, Hh=4,r=1,p=3, k=2

central jump random mix
1111 10—3]10% | 10—%] 10
1] plp]1 10T {10~ T 10° | 107
1] plp]|1 102 103| 10° [ 10~*
1111 100 [10% | 10—3] 107
2nd layer: the same 2nd layer: reciprocal
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3D ring: 16 x16 x8, N=4x4x2, Hh=4,r=1,p=3, k=2

central jump random mix
1111 10-3] 102 | 104 102
1] plp]1 10T {10~ T 10° | 107
1] plp]|1 102 103| 10° [ 10~*
1111 109 [10* | 10—3] 10!
2nd layer: the same 2nd layer: reciprocal
central jump
no prec. 1-level OAS 2-level OAS
p Kp = X"’ﬁ it. Ko = A«ﬁ it. Kp = ﬁf‘”ﬁ it.
1074 | 1.42e7 = 8%0e=1 7258 | 61.65= 5% 33 | 11.75= -5 22
1072 | 1.11e5 = 2%e=1 873 | 61.61= 520 36 | 1215=-508_ 25
1 | 543.38=12—1 101 | 6582= 20 41| 13.92=_.38_ 26
102 | 1.15e5 = ;5:30. 1030 | 682.26 = (=20 40 | 12.03 = ;52 23
104 | 1.48e7 = 2018, 8279 | 6.09e4 = 200, 49 | 1211=-85_ 22

random mix

_ _6.56e3 4 _ _8.00 _ _ 867
32669 = 2203 > 10% | 3001 =80 25 | 1070 = ;&7 17
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OAS 3D para||e| reSUItS (PhD thesis of Federico Marini, Univ. of Mi

3D hose domain

4096 procs.

(FERMI BG/Q)

203 local mesh

33.7 M dofs

central jump test
NURBS, p=3,k =2

R
K

L7

0704
L5

7

e

NS
..
N
SN

7
7%

22
R
=
N

X

S

R

R
5

%

no prec. 1-level OAS 2-level OAS
14 it. Rk = )\max//\min it. KR = )\max/)\min it. R = )\max/)\min
1072 | 5432 57e5= 30~ | 140 5785= 5005 [ 47  51.7=
104 | >10* 48e7= 230 | 268 29e6= 20 | 66 131.5= 55
105 | >10* 8.5e7 =300 | 290 2.9e8= 5300 | 69 150.1 = 533
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Convection-diffusion problem on Q = unit cube,
—eAu+bVu="Ff in Q, u=0 on 02

with € = 1072, b =[3,2,1]7, SUPG stabilization
(FERMI BG/Q)

p=2,k=1| p=3,k=2
OAS OAS
N (= procs.) | 1-lev  2-lev | 1-lev  2-lev
64=4x4x4 25 33 28 40
512=8x8x8 30 37 30 36
1728 =12 x 12 x 12 57 40 47 41
4096 = 16 x 16 x 16 95 41 85 42

F. Marini, Overlapping Schwarz preconditioners for isogeometric analysis of

convection-diffusion problems. PhD Thesis, Univ. of Milan, 2015

Parallel library PetlGA by L. Dalcin provides PETSc interface IGA
objects
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Extension to IGA collocation

Same 1D example with 2 subspaces Vl, Vg — nodal IGA
Squares = Greville abscissae associated with knot vector &

r=1

Beirdo da Veiga, Cho, LFP, Scacchi, Overlapping Schwarz preconditioners for
isogeometric collocation methods. CMAME 2014.

Open problems:

- DD Collocation IGA for compressible elasticity,

- DD Collocation IGA for saddle point formulation

L. Beirao da Veiga, D. Cho, L. F. Pavarino, S. Scacchi Isogeometric Domain Decomposition Preconditioners



Linear Elasticity and Stokes system

@ compressible materials, pure displacement formulation OK:
2/ pe(u) @ e(v) dx+/ Adivudivw dx =< F,v> VWYve [H}D(Q)]d
Q Q

A and p Lamé constants, e(u) strain tensor (symmetric
gradient)
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Linear Elasticity and Stokes system

@ compressible materials, pure displacement formulation OK:
2/ pe(u) @ e(v) dx+/ Adivudivw dx =< F,v> VWYve [H}D(Q)]d
Q Q

A and p Lamé constants, e(u) strain tensor (symmetric
gradient)

@ Almost incompressible elasticity (AIE) and Stokes can suffer
from locking phenomena + conditioning degeneration for
A — oo (v — 1/2). Possible remedy: mixed formulation with
displacements (velocities) and pressures:

2/ pe(u) s e(v) dx — / divw pdx = <F,v> WelH (Q)]
Q Q

1
—/ divu g dx — / qu dx = 0 Vg € L2(Q)
Q Q
(or L5(9))

L. Beirao da Veiga, D. Cho, L. F. Pavarino, S. Scacchi Isogeometric Domain Decomposition Preconditioners



@ composite materials with Lamé constants A;, u; discontinuous
across subdomains €; (forming a finite element partition of

Q =JQ;, with interface I = (U,N:l 09/) \Ilp):

22/ i € (v) dx — /divvpdx = <F,v>
Q

N
1
—/Qdivuqu — Z/ﬂ'/\ipqu: 0
i=1 !

L. Beirao da Veiga, D. Cho, L. F. Pavarino, S. Scacchi Isogeometric Domain Decomposition Preconditioners



@ composite materials with Lamé constants A;, u; discontinuous
across subdomains €; (forming a finite element partition of

Q =JQ;, with interface I = (U,N:l 09/) \Ilp):

22/ i € (v) dx — /divvpdx = <F,v>
Q

N
1
—/Qdivuqu — Z/ﬂ'/\ipqu: 0
i=1 !

o Discretization with IGA finite element spaces V' C [H{_(Q)]7,
Q C L%(Q) , inf-sup stable in mixed case (LBB condition), see
Buffa, De Falco, Sangalli, Int. J. Numer. Meth. Fluids, 65, 2011
For example, IGA Taylor-Hood elements:
displacements: VPP~2 (degree p, regularity k = p — 2)
pressures: QP~1:P=2 (degree p — 1, regularity kK = p — 2)

L. Beirao da Veiga, D. Cho, L. F. Pavarino, S. Scacchi Isogeometric Domain Decomposition Preconditioners



@ Compressible elasticity: OAS preconditioners built as in the
scalar case. Theory extended and confirmed by numerical
experiments.

@ AIE in mixed form: OAS preconditioners now use saddle point
local and coarse problems. Theory still open but numerical
experiments OK (GMRES replaces PCG).

Beirdo da Veiga, Cho, LFP, Scacchi, Isogeometric Schwarz
preconditioners for linear elasticity systems. CMAME 2013.

Open problems:
- Schwarz theory for saddle point OAS,
- Positive definite reformulation (IGA has > continuous pressures)

L. Beirao da Veiga, D. Cho, L. F. Pavarino, S. Scacchi Isogeometric Domain Decomposition Preconditioners



Pure displacement formulation degenerates when v — 0

A

Q2 = square, h =1/64, B-splines p =3,k = 2, OAS with r =0

v=20.3 v=0.4 v =0.49 v = 0.499 v = 0.4999

N K2 it. K2 it. K2 it. K2 it. K2 it.

< 2x2 29.06 18 | 30.61 19 7425 24 | 14354 26 | 193.39 34
i) 4 x4 45.57 27 48.21 31 145.75 43 381.81 51 624.69 59
— 8x8 7484 34 | 77.83 38 243.04 61 | 723.01 75 1.3e3 97
16 x 16 |113.76 46 (120.43 52 460.94 89 1.8e3 118 4.4e3 157

< 2x2 9.70 16 | 1232 17 26.75 20 83.80 25 | 176.15 31
E) 4 x4 888 19 | 1145 21 23.38 27 48.33 35 | 15221 46
1Y 8x8 6.58 17 8.30 18 16.49 23 2437 30 54.50 42
16 x 16 6.04 18 586 18 7.28 19 16.79 25 76.06 46
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Pure displacement formulation degenerates when v — 0

A

Q2 = square, h =1/64, B-splines p =3,k = 2, OAS with r =0

v=20.3 v=0.4 v =0.49 v = 0.499 v = 0.4999

N K2 it. K2 it. K2 it. K2 it. K2 it.

< 2x2 29.06 18 | 30.61 19 7425 24 | 14354 26 | 193.39 34
i) 4 x4 45.57 27 48.21 31 145.75 43 381.81 51 624.69 59
— 8x8 7484 34 | 77.83 38 243.04 61 | 723.01 75 1.3e3 97
16 x 16 |113.76 46 (120.43 52 460.94 89 1.8e3 118 4.4e3 157

< 2x2 9.70 16 | 1232 17 26.75 20 83.80 25 | 176.15 31
E) 4 x4 888 19 | 1145 21 23.38 27 48.33 35 | 15221 46
1Y 8x8 6.58 17 8.30 18 16.49 23 2437 30 54.50 42
16 x 16 6.04 18 586 18 7.28 19 16.79 25 76.06 46

OAS 1 -level OAS 2 -level

—e—N=2x2
—o—N=4x4
—o—N=8x8,
—o—N=16x 16

condition number
condition number

0.4 0. 0.4
Poisson ratiov Poisson ratio v
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While OAS for mixed formulation works well:

2D quarter-ring domain, E = 6e + 6 and v = 0.4999

IGA Taylor-Hood elements: displacements space p =3, k=1
pressure space p =2, k=1

OAS with r=1,r, =0

1/h=8 | 1/h=16 | 1/h=32 | 1/h =64 | 1/h = 128

N it. it. it. it. it.
0| 2x2 23 31 41 55 77
S| axa 44 66 97 179
< | 8x8 96 193 309
3| 16x16 320 511
4 32x32 900
0| 2x2 24 26 32 40 54
S| axa 29 33 42 58
< | 8x8 31 37 49
3| 16x16 32 38
d | 32x32 32
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OAS robustness when v — 0.5

2D quarter-ring domain, E = 6e 4+ 6

IGA Taylor-Hood elements: displacements space p =4, k =2
pressure space p =3, k =2

OAS with r =1,r, =0

unprec. | 1l-level OAS | 2-level OAS
v it. it. it.
0.30 123 41 25
0.40 123 46 26
0.49 123 53 28
0.499 123 55 29
0.4999 123 55 29

GMRES iteration counts it. Fixed h=1/32, N=4 x4, H/h=38.
Analogous good results for limiting Stokes problem.

L. Beirao da Veiga, D. Cho, L. F. Pavarino, S. Scacchi Isogeometric Domain Decomposition Preconditioners



3D "boomerang” test, compressible elasticity

overlap r =0

unpreconditioned 1-level OAS 2-level OAS
domain Ky = i:l’: nit Ky = )‘:?: N Ky = A:: N
A | 387e+3=1R5 219 | 2485=0F 30 | 2228=73 26
B | 374e+3=128 200 | 117.04= S0 53| 4580=3% 39
C 8.28e+3 = {20¢tl 365 | 184.24= ;2005 69 | 11038 = ;3% 54
D | 133e+4=73gctl 402 | 20418 =500, 76 | 22397 = ;5005 65
overlap r =1
A as above 14.28 = 24 27 12.18 = 24 24
B " 55.94 = §:88 42 23.23 = 848 31
C " 77.05 = %& 51 4952 = % 40
D ! 11835 = g36.5 57 940 = 530 48

Fixed 1/h=32, N=4x4x2, Hh=4,p=3,k=2,v=03,.E =6e+6.
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3D mixed formulation, 3D quarter-ring domain

A) central jump B) checkerboard
v = 0.3 in white subd. v = 0.3 in white subd.
v — 0.5 in gray subd. v = 0.4999 in gray subd.
unpreconditioned | 1-level OAS | 2-level OAS
v Nit Nit Nit
= 0.40 88 23 22
S o049 88 22 23
g3 049 88 22 23
0.4999 82 30 28
checkerboard v 89 30 24

IGA Taylor-Hood elements: displacements space p =3, k=1
pressure space p =2, k=1

Fixed N = 3 x 3 x 2 subdomains, H/h =4

E = 6e + 6 everywhere

L. Beirao da Veiga, D. Cho, L. F. Pavarino, S. Scacchi Isogeometric Domain Decomposition Preconditioners



BDDC (Balancing Domain Decomposition by Constraints) preconditioners

Evolution of Balancing Neumann - Neumann (BNN) prec.
- additive local and coarse problems
- proper choice of primal continuity constraints across the interface
of subdomains, as in FETI-DP methods
- dual of FETI-DP preconditioners with same primal space, since
both have essentially the same spectrum.
@ Dohrmann SISC 25, 2003
@ Mandel, Dohrmann, NLAA 10, 2003
@ Mandel, Dohrmann, Tezaur, ANM 54, 2005
@ FETI-DP: Farhat et al., IINME 50, 2001
°
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BDDC (Balancing Domain Decomposition by Constraints) preconditioners

Evolution of Balancing Neumann - Neumann (BNN) prec.

- additive local and coarse problems

- proper choice of primal continuity constraints across the interface
of subdomains, as in FETI-DP methods

- dual of FETI-DP preconditioners with same primal space, since
both have essentially the same spectrum.

Dohrmann SISC 25, 2003

Mandel, Dohrmann, NLAA 10, 2003

Mandel, Dohrmann, Tezaur, ANM 54, 2005

FETI-DP: Farhat et al., IJINME 50, 2001

Recent extension to IGA discretizations of scalar elliptic pbs:
Beirao da Veiga, Cho, LFP, Scacchi, BDDC preconditioners for Isogeometric
Analysis, M3AS 2013.

Beirao da Veiga, LFP, Scacchi, Widlund, Zampini Isogeometric BDDC
preconditioners with deluxe scaling, SISC 2014.

L. Beirao da Veiga, D. Cho, L. F. Pavarino, S. Scacchi Isogeometric Domain Decomposition Preconditioners



Due to the high continuity of IGA basis functions, the Schur
complement is associated not just with the geometric interface but
with a fat interface: 2 x 2 example with cubic splines

1.2 3 4 5 6 7 8 9 10 11 12 13 1.2 3 4 5 6 7 8 9 10 11 12 13

CO splines C? splines
o = interior index set
e = interface index set
m = vertex (primal) index set

. Beirao da Veiga, D. Cho, L. F. Pavarino, S. Scacchi Isogeometric Domain Decomposition Preconditioners



Local Schur complements

Reorder displacements as (uy, ur): first interior, then interface.
Then the local spectral element stiffness matrix for subdomain £; is

i T
A0 [AE’; A ]
Arl Arr
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Local Schur complements

Reorder displacements as (uy, ur): first interior, then interface.
Then the local spectral element stiffness matrix for subdomain £; is

(i) A()T
A0 [ Ay A ]
Al Arr
Eliminate interior displacements to obtain local Schur complements

(1) . A0) (1) A(N=1 ()T
St = Ay — A AL A
(only implicit elimination, as Schur complements are not needed,
only their action on a vector)
Classical Schur complement:

= NT () p(i
5= S ROTSRY

L. Beirao da Veiga, D. Cho, L. F. Pavarino, S. Scacchi Isogeometric Domain Decomposition Preconditioners



Dual - Primal splitting (BDDC, FETI-DP)

Schematic illustration of the discrete spaces and degrees of freedom
in an example with 2 x 2 subdomains and C° (nonfat) interface

e = interior dofs, o = dual dofs, [ = primal dofs.

& D & © f—a——8—F—F——8——F4

& O & ) L
° °° ° SR
0 m 0
. . . . . . i m n
. . . . . . i 0
& O ] o0 OO0 ] o O [URE) =) o oo o oo
°
Vie r Vr
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Dual - Primal splitting (BDDC, FETI-DP)

Schematic illustration of the discrete spaces and degrees of freedom
in an example with 2 x 2 subdomains and C° (nonfat) interface

e = interior dofs, o = dual dofs, [ = primal dofs.

@ Q© @ ) & =) H——= = =]
D S S [ T i
R O I | I

0 m 0

& O & ) L

° °° ° SR

0 m 0

. . . . . . i m n

. . . . . . i 0

& O ] o0 OO0 ] o O [URE) =) o oo o oo
°
Vie r Vr

scalar pbs.: u
compressible elasticity: us, up, u3
mixed elasticity (and Stokes): ui, up, uz, p
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Examples of equivalent classes with p =3,k = 2

IS ESRRRRR
eC H |
i

Index space schematic illustration of interface equivalence classes:
° G)(Ck) = fat vertex: (k + 1)? knots in 2D, (x + 1)% in 3D
° @S:-k) = fat edge: (x+ 1) “slim” edges in 2D, (x + 1)? in 3D

° @5_-’() = fat face: K + 1 slim faces in 3D
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2D example with fat interface for p =3, Kk =2

circle = dual dofs, squares = primal dofs,
black = edge dofs, red = vertex dofs

CPeeRll IR Le b
S Sas NS S S I VY
e e 0000 000 e e ::EET/ /\i;‘:—,:: - ll:l:llll
: e« o0 :: o e e : . * .f/“\'\' . . [ --:l:nnun
0 - -1-
fully decoupled partially assembled fully assembled

Vr Vr Vr
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... analogously in
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BDDC preconditioner

Split (fat) interface dofs (displacements, pressures) into dual (A)
and primal (M) interface dofs. Local stiffness matrices become

i NT i

o [0 A A
A A?)’ A() A()
AI‘II Al_lA AI‘II‘I
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BDDC preconditioner

Split (fat) interface dofs (displacements, pressures) into dual (A)
and primal (M) interface dofs. Local stiffness matrices become

The BDDC preconditioner for the Schur complement §r is:
ML= ﬁ[;rgr_lﬁDIa

where kD,r := the direct sum Rrn @ Rg)ARrA with proper
restriction /scaling matrices (see later)

L. Beirao da Veiga, D. Cho, L. F. Pavarino, S. Scacchi Isogeometric Domain Decomposition Preconditioners



and where

gFl = RrTA <i |: 0 R(AI)T :|

M A0T 171 o
Air Apy } {R(,-)} Rra + ®57107.
A
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and where

gFl = RrTA <i |: 0 R(AI)T :|

Al A(i)T B 0 —14T
Do ] ) R esien
A Ana Ra

= ), local solvers on each Q; with Neumann data on the local

edges/faces and with the primal variables constrained to vanish +
coarse solve for the primal variables, with coarse matrix
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and where
N i NT
~ . A(’) A(')
5 o= Rl (Z[ o R’
i AAI AAA

0 _
|: R(,') :|> RI’A + ¢5n|—|l¢T
A

= ), local solvers on each Q; with Neumann data on the local

edges/faces and with the primal variables constrained to vanish +
coarse solve for the primal variables, with coarse matrix

07 (40 (M) Al AD - ADT ] AR ()
Snn = Z Rn Ann — [ Anr Ana ] A(i) A(/) A(;)T Rn
i=1 Al AA nAa
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and where

~_1 . N T A(i) A(f)T

st (o RV L
i= AAI AAA

0 _
|: R(,') :|> RI’A + ¢5n|—|l¢T
A

= ), local solvers on each Q; with Neumann data on the local

edges/faces and with the primal variables constrained to vanish +
coarse solve for the primal variables, with coarse matrix

07 [ 40 M) A0 A AX)/T ) A(niaT (i)
s= DR (A= [ AR A ]| b O A0 | ) P
i=1 Al AN nA

and change of variable matrix ¢

T T . T AD - AOT AD" (i)
o=Rh-RLY[o RYT || 00 N b | RO
i=1 Al AN A|'|A
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BDDC scaling operators

Scaling operator Rp = DR, with D = diag(DY)) restores
continuity during Krylov iteration and takes into account possible
jumps of elliptic coefficient p on I’

Standard scaling: DY) diagonal with elements

5106) = 8i00)/ D ok(x).  xi € Wa
ke Nx
e p-scaling: 0;(xi) = pj(xi)

o stiffness scaling: d0;(x;) =

Deluxe scaling (Dohrmann- Widlund, DD21): DY) block diagonal
with blocks

( Z S k)) 5,(_-J , F = vertex, edge, face of [
keNg
where S,(_-j) = principal minor of SU) associated with the dofs in F
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Possible choices of primal constraints

e V: displacements/pressures at subdomain vertices;
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e V: displacements/pressures at subdomain vertices;

e E: averages of displacements/pressures over each subdomain
edge (for u the 2 normals E2 or all 3 E3);
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Possible choices of primal constraints

e V: displacements/pressures at subdomain vertices;

e E: averages of displacements/pressures over each subdomain
edge (for u the 2 normals E2 or all 3 E3);

e E,,: first order moments of displacements/pressures over each
subdomain edge (for u the 2 normals or all 3);
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Possible choices of primal constraints

e V: displacements/pressures at subdomain vertices;

e E: averages of displacements/pressures over each subdomain
edge (for u the 2 normals E2 or all 3 E3);

e E,,: first order moments of displacements/pressures over each
subdomain edge (for u the 2 normals or all 3);

e F: averages of displacements/pressures over interior of each
subdomain face (for u 1 normal average F} or all 3 F3);
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IGA BDDC convergence rate bounds for elliptic pbs.

The condition number of the BDDC (and associated FETI - DP)
preconditioned isogeometric operator is bounded by

~ H
ra(M™1S) < C (1 + Iogz(h)> for p-scaling and deluxe

~ H H
ro(M™15r) < CW (1 4 |og2(h)> for stiffness scaling

where C is a constant independent of h, H, N (but not of p, k).
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IGA BDDC convergence rate bounds for elliptic pbs.

Theorem

The condition number of the BDDC (and associated FETI - DP)
preconditioned isogeometric operator is bounded by

~ H
ra(M™1S) < C (1 + Iogz(h)> for p-scaling and deluxe

~ H H
ro(M™15r) < CW (1 4 |og2(h)> for stiffness scaling

where C is a constant independent of h, H, N (but not of p, k).

@ Beirao da Veiga, Cho, LFP, Scacchi, BDDC preconditioners for
Isogeometric Analysis. M3AS 2013

@ Beirao da Veiga, LFP, Scacchi, Widlund, Zampini, Isogeometric BDDC
preconditioners with deluxe scaling. SISC 2014
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Weak scalability on unit cube, fixed k =2,p=3,H/h =8
Parallel tests on FERMI BG/Q with PETSc PCBDDC class (by S.
Zampini)

N 23 33 43 53 6° 73 83 93 103
Deluxe scaling
V§ ko | 896 838 844 838 835 835 835 836 835

nig | 20 21 23 24 23 23 24 24 24

VEE ko | 206 201 198 1.98 198 198 198 198 198
ng | 10 11 11 10 10 10 10 10 10

VSEF ko | 142 140 141 140 140 140 140 140 140
nyg | 8 8 8 8 8 8 8 8 8

Stiffness scaling
Vnc ko [20.09 19.24 19.16 19.16 19.16 19.16 19.16 19.16 19.17

nit | 26 33 38 39 39 39 39 39 39

VSE ko | 6.04 6.08 6.08 610 609 610 6.09 610 6.10
ny | 21 22 22 22 22 23 22 23 22

VSEF ko | 6.04 608 6.08 610 6.09 6.10 6.09 6.10 6.10
ni | 21 22 22 22 22 23 22 23 22
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Weak scalability on twisted domain, fixed k =2,p=3,H/h =6
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BDDC deluxe robustness with respect to jump discontinuities in
the diffusion coefficient p,

fixed h = 1/32, p = 3, C° continuity at the interface, 4 x 4 x 4
subdomains

central jump  checkerboard random mix
P ko Dijt ko Dt ko Djt

1074 | 11737 44 — — — —

1072 | 118.40 44 — — — —

v§ 1 134.04 48 134.04 48 134.04 48
102 | 137.15 50 102.11 43 126,53 47

10* | 137.40 52 10431 44 12363 46

10—% 5.33 18 — — — —

102 5.33 18 — — — —

V§E 1 527 18 527 18 527 18
102 4.92 16 4.19 16 4.83 16

104 4.88 16 4.20 16 4.87 16

10—% 1.98 10 1.98 10 — —

10-2 1.99 10 1.99 10 —

VSEF 1 205 10 205 10 205 10
102 2.05 10 2.05 10 2.00 10

10* 2.05 10 2.05 10 2.00 9
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deluxe BDDC dependence on p,
2D quarter-ring domain: fixed h=1/64, N =4 x4, k=p—1

p 2 3 4 5 6 7 8 9 10
ko 322 268 241 219 204 191 180 172 1.62
nj¢ 10 10 9 9 9 8 8 8 9

3D unit cube, fixed h=1/24 N=2x2x2,k=p—1

P 2 3 4 5 6 7

Deluxe scaling

v§ kp | 562 471 439 392 512 1115
g | 12 11 12 14 18 26

VSE ko | 210 1.91 203 268 499 10.92
ng | 10 9 10 12 17 26

VSEF kg | 158 145 170 2.68 4.99 10.92
ng | 8 8 9 2 17 26

Open problems:
- BDDC, FETI-DP for IGA collocation
- BDDC, FETI-DP for elasticity with IGA Galerkin/collocation
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Extension to Elasticity and Stokes problems

@ Compressible elasticity: BDDC preconditioners built as in the
scalar case. Scalar theory can be extended and is confirmed
by numerical experiments.

@ AIE in mixed form: BDDC preconditioners now use saddle
point local and coarse problems. Theory still open but
numerical experiments ok (GMRES replaces PCG).

Open problems:

- AIE positive definite reformulation for IGA (> continuous
pressures), deluxe scaling?

- extending to IGA the FEM preconditioners in Li and Tu SINUM
2013, IJNME 2013, Kim and Lee CMAME 2012
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BDDC with adaptive primal spaces

S(K) = local Schur complement associated to
F = one of the equivalence classes: vertex, edge, or face
stk k) _
Partition S(K) = ( (]f()f %’) and define the new Schur
SEiF SEE
complement of Schur complements S(k) S(k) — 5;},5“(,);, Sj(rk/)f

Generalized eigenvalue problem V;

sWy =5y, (1)

Given a threshold 6 > 1:

- select the eigenvectors {v1, va, ..., vp_} associated to the
eigenvalues of (1) greater than 6,

- perform a BDDC change of basis and make these selected
eigenvectors the primal variables.
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Adaptive primal spaces by parallel sums

Define the parallel sum of two positive definite matrices A and B as
A:B=(A14B 1)t (analog. for > 3 matrices)
IGA 2D: each fat vertex is shared by 4 subdomains ;, i =1,2,3,4

Generalized eigenvalue problem V,,:

Define V5 as the parallel sum primal space based on the parallel
sum generalized eigenvalue problem

1 2 3 4 =(1 =(2 =(3 =(4
(S](,_-) : 5;_-}- g 5;-])_- : 5;-])_-)v = )\(55_-]),_- : 5;-5)5 : 5](,_-}- : S}}-)v

Generalized eigenvalue problem V. :

Define V,,ix as the mixed primal space based on the mixed parallel
sum generalized eigenvalue problem

1 2 3 4 =(1 =(2 =(3 <4
(5% : s sl )v = A(SE + 55 + 32 + 38 )v
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Minimal Vertex primal space Vi: K and H/h dependence

Minimal N. = 1 primal constraint per vertex (turns out to be the
average over the fat vertex)

h=1/8 h=1/16 h=1/32 h=1/64 h=1/128

N cond it. cond it. cond it. cond it. cond it.
p=3 k=1 NURBS, quarter-ring domain

2x2 1.74 7 2.08 7 2.29 7 2.85 8 3.45 8

4 x4 434 13 591 14 759 15 942 15

8x8 537 15 741 18 9.53 21

16 x 16 598 16 8.34 19

32 x 32 6.31 17
p=3, k=2 NURBS, quarter-ring domain

2x2 1.45 7 2.00 3 2.72 8 3.57 8 4.52 8

4 x4 10.06 15 | 13.90 16 | 1866 18 | 23.92 21

8x8 1213 24 | 1742 27 | 2485 32

16 x 16 1279 24 | 1896 29

32 x 32 13.04 24

condition number (cond) and iteration counts (it.) as functions of
the number of subdomains N and mesh size h.

L. Beirao da Veiga, D. Cho, L. F. Pavarino, S. Scacchi
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Minimal vertex primal space Vi: p dependence

NURBS, quarter-ring domain

k=p-—1 k=2 k=1
cond it. cond it. cond it.
7.09 14 7.09 14

18.66 18 | 18.66 18 759 15
233.81 26 | 19.74 20 831 15
8417.70 56 | 2222 19 9.06 15
2537 21 9.81 16
29.05 22 | 10.52 16
33.08 23 | 11.24 17
37.64 24 | 11.90 17
39.89 26 | 1259 18

SN O swWN|T
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Minimal Vertex - Edge primal space VE;: K and H/h

dependence

p=3, k=2 NURBS, quarter-ring domain

h=1/8 h=1/16 h=1/32 h=1/64 | h=1/128

N cond it. | cond it. | cond it. | cond it. | cond it.
2x2 1.44 7 1.97 7 2.65 8 3.46 8 4.37 8
4 x4 509 13| 465 13 | 531 14 | 599 15
8x8 6.20 17 | 534 15| 6.00 16
16 x 16 6.66 18 | 573 16
32 x 32 6.83 18

L. Beirao da Veiga, D. Cho, L. F. Pavarino, S. Scacchi
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Minimal Vertex - Edge primal space VE;: p dependence

Minimal N. = 1 primal constraint per vertex and N. = 1 per edge

NURBS, quarter-ring domain

k=p—1 k=2 k=1
P cond it. | cond it. | cond it.
2 291 11 291 11
3 531 14 | 531 14| 280 11
4 41.17 24 | 485 21 | 288 11
5 1598.65 67 | 477 14 | 3.00 11
6 493 15 | 313 11
7 516 16 | 3.27 12
8 5.67 17 | 3.40 12
9 353 13
10 3.71 13
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Adaptive vertex space V; with N, primal constraints

Ne=1 Ne. =4 Ne=1 N =4
(6=2) (6 =1.5) (6=2) (6 =1.5)
N cond nj | cond nj H/h | cond nj | cond nj
2x2 1.81 7 1.66 8 4 8.75 12 4.84 12
4 x4 12.74 14 | 6.74 13 8 12.74 14 6.74 13
8x8 14.74 24 7.48 18 16 17.40 17 8.91 14
16 x 16 | 15.67 26 | 7.78 18 32 2231 18 | 11.16 15
32x32 | 16.13 24 | 7.87 17 64 27.49 20 | 13,50 17
a) scalability in N b) H/h dependence
for fixed p=3,k =2,H/h =38 for fixed p=3,k=2,N=4x 4
Ne=1
(6=2) (6=1.1)
P cond njy, cond ny N
2 6.09 13 3.55 11 3
3 17.40 17 5.34 14 5
4 230.9 21 5.74 15 3
5 | 75459 39 | 1225 18 10
6 - - 73.08 31 12

c) p dependence
for fixed N=4 x4, H/h=16, k =p—1
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Mixed space V,,; with minimal N. = 1 primal constraints

Even with Vs, the first eigenvector is the average over the fat
vertices, but the other eigenvectors (change of basis) change —
much better performance than with V; primal space

Increasing p, 2D quarter-ring domain

k=3 k=4 k=p—1
cond it. cond it. cond it.
n/a n/a n/a n/a | 554 13
n/a n/a n/a n/a | 550 13
6.02 14 n/a n/a | 6.02 14
6.14 14 5.77 14 5.77 14
6.39 15 5.88 15
6.76 18 6.48 18
8.65 21 1261 26
13.13 27 23.17 34
19.18 33

Soo~NouswNs

Open problems:
- find good adaptive primal spaces for elasticity (we have fat globs
for each component!)
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Conclusions

@ Overlapping Schwarz (OAS) and dual-primal (BDDC,
FETI-DP) successfully extended to IGA for elliptic problems
(scalar, elasticity)
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Conclusions

@ Overlapping Schwarz (OAS) and dual-primal (BDDC,
FETI-DP) successfully extended to IGA for elliptic problems
(scalar, elasticity)

@ Theory yields h-version convergence rate bounds analogous to

FEM case (p and k analysis still open), confirmed by
numerical results in 2D, 3D. In particular, we have:
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FETI-DP) successfully extended to IGA for elliptic problems
(scalar, elasticity)

@ Theory yields h-version convergence rate bounds analogous to
FEM case (p and k analysis still open), confirmed by
numerical results in 2D, 3D. In particular, we have:

parallel scalability

H/h - optimality (OAS), H/h - quasi-optimality (BDDC)

robustness with respect to discontinuous elliptic coefficients

OAS: robustness in p (indep. for generous overlap) and k

deluxe BDDC very efficient for IGA fat interfaces, adaptive

primal choices available
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@ Theory yields h-version convergence rate bounds analogous to
FEM case (p and k analysis still open), confirmed by
numerical results in 2D, 3D. In particular, we have:

parallel scalability

H/h - optimality (OAS), H/h - quasi-optimality (BDDC)

robustness with respect to discontinuous elliptic coefficients

OAS: robustness in p (indep. for generous overlap) and k

deluxe BDDC very efficient for IGA fat interfaces, adaptive

primal choices available

@ Future work: dual-primal methods for elasticity and Stokes
problems, IGA collocation, DD for IGA adaptivity (T-splines,
LR splines, etc.)
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Conclusions

@ Overlapping Schwarz (OAS) and dual-primal (BDDC,
FETI-DP) successfully extended to IGA for elliptic problems
(scalar, elasticity)

@ Theory yields h-version convergence rate bounds analogous to
FEM case (p and k analysis still open), confirmed by
numerical results in 2D, 3D. In particular, we have:

parallel scalability

H/h - optimality (OAS), H/h - quasi-optimality (BDDC)

robustness with respect to discontinuous elliptic coefficients

OAS: robustness in p (indep. for generous overlap) and k

deluxe BDDC very efficient for IGA fat interfaces, adaptive

primal choices available

@ Future work: dual-primal methods for elasticity and Stokes
problems, IGA collocation, DD for IGA adaptivity (T-splines,
LR splines, etc.)

THANK YOU
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