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Plane strain problem
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phenomenon.
Two kinds of Hybrid DGFEMSs (Discontinuous
Galerkin Finite Element Methods) are introduced.
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Plane Strain Problem

We consider the following plane strain problem:

—diva(u)

u

f in €,

0 on 01,

f =1f1, f2]' is a distributed external body force per unit

In-plane area.
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Volume Locking

® When the Lamé constant A (> 0) is large, the
accuracy of FE solutions obtained by using coarse
meshes is bad. So we need to use sufficiently fine
meshes to obtain satisfactory FE solutions.

® Babuska—Suri(1992) presented a mathematical
definition of the volume locking. Our theoretical
analysis will be based on it.

® Itis well known that P, conforming FEM causes a
volume locking phenomenon.
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Domain 2 := (0, 1) x (0, 1).
We determine the exact solution u by

¢<x) = xZ(x o 1)27
U(xy, x9) = —%w(xl)w(azg) (stream function),
u = rotV.

The exact solution is independent of A and satisfies
divu = 0.

This test problem is presented in Bercovier—Livne
(1979) and Soon—Cockburn—Stolarski (2009).

July 8, 2015

DD23 -6/ 41



A volume locking phenomenon In
the conforming P, FEM

preducton ® Let us solve the test problem by P, conforming FEM.
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S each side of Qinto 2’ x 10 (j =0, 1, ..., 3)
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Remedies for the Volume Locking

High-order FE
4 Babuska—Suri, 1992

Mixed methods

4 Arnold-Brezzi-Douglas, 1984
4 Stenberg, 1988
4 Jeon-Sheen, 2013

Non-conforming FE
4 Brenner-Sung, 1992
DG

Hansbo—Larson, 2002 (not Hybirid type)

Wihler, 2004 (not Hybirid type)
Soon—Cockburn—Stolarski, 2009 (a hybrid type different
from ours)

Di Pietro—Nicaise, 2013 (not Hybrid type)
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A hybrid version of SIP method

® We consider a hybrid version of SIP (Symmetric
Interior Penalty) method, which is called Hybrid
DGFEM in this talk.

® The SIP method was first investigated by Wheeler
(1978) and Arnold (1982).

® The hybrid version has been investigated by the
following authors:

4
4

+++

Laplace eq.: Oikawa—Kikuchi (2010)
Linear elasticity eq.: Kikuchi—Ishii—Oikawa
(2009)

Convection diffusion eq.: Oikawa (2014)
Stokes eq.: Egger—Waluga (2013)
Rellich-type discrete compactness: Kikuchi
(2012)
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Weak formulation in our Hybrid
DGFEM

piroduetor ® 7: atriangulation of Q C R2.
S — ® We assume that a family of triangulations {77} ,<x

A hybrid version of

SIP method : : :
T Is regular in the sense of Ciarlet.

EM: the set of all edges of 7.
i i "™ := | J & which is called skeleton.
penalty parameter

n>0 BESh
% Lifting term

% (Interior) Penalty

term

“ Another bilinear

form b;"(-, )

« What motivates us
to exclude the lifting
term?

< Semi-discrete
problem
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Weak formulation in our Hybrid
DGFEM

Let u(e H°(Q2)) (s > 3/2) be the exact solution of the
plane strain problem.

We denote the trace on the skeleton I'* of v by 4,
l.e., U := u|pn.

We call 2 Numerical Trace (NT) in this talk.

In Hybrid version, we treat © and u as unknowns.
We approximate v and « by piecewise linear
functions, i.e., we use the following FE spaces:

vt = ] Pu(K)
KeTh
(piecewise linear functions on (),

T H P;(e)
ec&h
(piecewise linear functions on I'").
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Weak formulation in our Hybrid
DGFEM

Then u := {u, u} satisfies the following weak form
ay(u, v) = (f, v),

for all v := {v, 0} € H*(T") x L% (I'").

® broken Sobolev space: Vs > 0,

H¥(T") :={v e L*(Q); v|x € H*(K), VK € T"} .

® (-, )qo: the standard inner product of L?(12).
L") := {0 e L*T™) | 6 =0o0n oN}.

We will define the bilinear form a(-, -) on the next
sheet.
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Bilinear form a, (-, -) with penalty
parametern > (

al(u, v)
= Z [Z,u (;(g), g(g))K + A (divy, dive),
KeTh
+ gg(g)n, v — y>8[g + \<g — U, Q(y)n>a@}

Consisté?lcy term  Symmetry term
+ LM"uw,v) + nl*(u, v)

J/ J/

Liftinaterm Penalﬁl term

(-, )x and (-, -)5x are the standard inner products of

L*(K) and L?(0K), respectively.
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Lifting term

For each K € T", alocal lifting operator:

RE : L?(0K) — Py(K) (i=1,2)

is defined by

(Rnga QD)K — <ga 907”&7;>3K \V/g - Lz(aK), \VIQD c P()(K)

Py(K): the set of constant functions on K.

n = [n1, no]’: the outward unit normal n on JK.
Lifting operator R}* corresponds to the differential
operator 0/0x;.
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Lifting term

Introduction The lifting operators corresponding to div, ¢;;, and £ are

Hybrid DGFEMs

=amoidversonof  defined as follows: for g = [g1, ¢o]” € L*(0K),

SIP method

< Weak formulation
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o RIS K L K
< Bilinear form Rdivg — g RZ g;.
=1

al (-, -) with
penalty parameter
n >0

1
Ky = ~(RNg;+ RNg) (1<, j<
+ (Interior) Penalty R5z’jg ) 2 RZ g] + R] 9i (1 > 0> 2)7
term

< Another bilinear K o K

form bg(., ) R__E_(g) = |:R5Ugi| . .
% What motivates us 1<, 9<2

to exclude the lifting
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Lifting term

We finally define
L"(u, v)

) [2“ R (4 —u), RZ (0 —v)

KeTh

K
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(Interior) Penalty term

‘niroduetion Bilinear form " is defined as follows:
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.DGIIZIEM | ] Y Y @—y}e.
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ST by subtracting the lifting term from o/

A hybrid version of
SIP method
< Weak formulation
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al (-, -) with
penalty parameter
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% Lifting term h o . .
% (Interior) Penalty bn (ga y) _ Z |:2:U“ (é(ﬁ)a é(ﬂ)) I + )\ (le ga le Q)K

term .
< Another bilinear KeT

S S

h
form bn(" )

< What motivates us + <Q(2)ﬂ, @ _ Q> + <@ — U, Q(ﬂ)ﬁ> }
oK, oK,

to exclude the lifting
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e Consistency term  Symmetry term

% Submatrix Aso

h
< Hybrid DGFEMs + 17[ (ﬂv 2)

J/

N
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what motivates us to exciude the
lifting term?

Now let us consider a time-dependent elastic wave
equation and boundary conditions:

ot?

— diva(u)

u

f
0

In €,
on of).
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Semi-discrete problem

lts semi-discrete problem can be represented as a
differential-algebraic equation:

a1 o1l [4 ]l

_ [fgf>].

Deleting u, we can reduce this equation to

d2
—Muu(t) -+ (All — A12A2_21A{2) ’U,(t) —

- £(0)
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Submatrix Aoy

To numerically solve

o Mu(t) + (A — ApAZ AL ul) = ()

we need to compute the following matrix—vector
product: A, .

If we exclude the lifting term and if we properly
choose a basis of P;(e)? for each e € £, then Ay,
can be the unit matrix, and hence we do not need to
compute A, 7.

If we add the lifting term, then Ay, is NOT a block
diagonal matrix, and hence we have to compute
Az with much effort.

NOTE: For steady problems, we can also use
another Schur complement matrix: A,y — AL A Aj.
A, can be the unit matrix.
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Hybrid DGFEMs

Introduction We consider two types of Hybrid DGFEMSs:

Hybrid DGFEMs

#Amprdversionof 1. DG with Lifting term (DG-wL):

SIP method

< Weak formulation f|nd gh — {Qh, @h} c Kh SUCh that

in our Hybrid
DGFEM

< Bilinear form h h h h h h
alt (-, -) with a,(u”, v"') = (f,v")a Vo'eV"
penalty parameter T

n >0

# Lifing torm 2. DG without Lifting term (DG-wol):
. find u" = {u", 4"} € V" such that

< Another bilinear
form b;"(-, )

. h h h h h h
«» What motivates us — ‘/
to exclude the lifting b77 (g ) 2 ) (i7 Q )Q \V/Q - LA
term?

« Semi-discrete
problem

~ ~ ~h
ownancin @ V'i=U"NLL(M)and V" i=U" x V.
QETEETE o 72 (1hy) = {9 € L*T") | 9 =0o0noQ}.

Coerciveness

Theoretical Analysis

Numerical anmplpq
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% Hybrid DGFEMs

Coerciveness

Theoretical Analysis

Numerical anmplpq

Hybrid DGFEMs

Our goal is to show the following two facts theoretically

and numerically:

1. DG-wL is locking free.
2. DG-wolL can not prevent locking phenomena.

CdjrlijéYugio%m 5
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Introduction

Hybrid DGFEMs

Coerciveness

< }S)oerciv}ebness of
a, and b?7

% Lower bound 7g

% Exact Lower
Bound of nf'g

< Minimum
eigenvalue of B/!

% Comparison
between 1o and

h
LB

Theoretical Analysis

Numerical Examples

Conclusion

Coerciveness
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Coerciveness of af; and bf;

pieducton Proposition 1 3C' > 0 such thatVn > 0, VA > 0,
Hybrid DGFEMs Vh € (0, h], andVgh c Kh,

Coerciveness

% Coerciveness of

(", v") > Cmin{1, n}l" 2.

“ Lower bound 7g

% Exact Lower
Bound of ni'

where C is independent of \, h, n, and v".

< Minimum
eigenvalue of B/!

% Comparison
between 1o and

e Proposition 2 3C > 0 such thatVn > ny := 2C.(\ + 2u),

Theoretical Analysis \V/)\ > 0’ \v/h c (O, }_l], and \V/Qh c Kh’

Numerical Examples

Conclusion bg(ghj Qh) Z len{l, n}"yh";hv

where C is independent of \, h, n, and v", and C, will be

given below.
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Coerciveness of af; and bf;

riedueton ® If we use a;!, we take an arbitrary 1.
(H:yb”d_ S ® If we use b" and if we adopt the sufficient condition:
oerciveness
— n > ny = 2C.(\ + 2u), then we have to take n = O(\)
a, and b77
< Lower bound 7 aS)\ 7 OC. o . .
2 Exact Lover ® |[sitreasonable to use the sufficient condition in
n LB . .
s Minimunm practical computations?
eigenvalue of B/! : : :
& Comparison ® We numerically examine how well 7, estimates the
between 1o and exact lower bound 7!, which is given as follows:

LB

Theoretical Analysis

g = inf{n > 0] b} is coercive}.

Numerical Examples

Conclusion
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Coerciveness of af; and bf;

Introduction

Here a norm of V" is defined as follows: V{v, v} € V",

Hybrid DGFEMs

Coerciveness H {’U ,i}} H2 .
- , 1%

Coerciveness of
a'l and b

1
et =Y \vyﬂl(K)+Z[\_ o — vl +[el[ Vol

Bound of ni'
< Minimum KeTh ecER
eigenvalue of B/!

3 <
3>
3>

% Comparison
between 1o and

h
LB

Theoretical Analysis

Numerical Examples

Conclusion
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Introduction

Hybrid DGFEMs

Coerciveness

< }S)oerciv}ebness of
a, and b?7

“ Lower bound 7g

% Exact Lower
Bound of nf'

< Minimum
eigenvalue of B/!

% Comparison
between 1o and

h
LB

Theoretical Analysis

Numerical Examples

Conclusion

Lower bound

The constant C, in the definition of ny := 2C,. (A 4 2u):
appears in the following estimate.

Lemma 1 There exists a positive constant C,. such that
forallh € (0, ], forall K € T", and forall g € || Pu(e)

ecEK

|REql[ < C Y P ,\9\2 (i=1,2),

ecEK

where C, is independent of h, K, and g.
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Introduction

Hybrid DGFEMs

Coerciveness

< }S)oerciv}ebness of
a, and b?7

“ Lower bound 7g

% Exact Lower
Bound of nf'

< Minimum
eigenvalue of B/!

% Comparison
between 1o and

h
LB

Theoretical Analysis

Numerical Examples

Conclusion

Lower bound n,

If K is an isosceles right triangle, we can find that
C, = 4.

In numerical computations below, we use
triangulations of Friedrichs—Keller (FK) type as
shown in the figure below, whose elements are all
Isosceles right triangles.
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Introduction

Hybrid DGFEMs

Coerciveness

< }S)oerciv?bness of
a, and b?7

“ Lower bound 7g

< Exact Lower
Bound of nf'y

< Minimum
eigenvalue of B/!

% Comparison
between 1o and

h
LB

Theoretical Analysis

Numerical Examples

Conclusion

Exact Lower Bound of n!",,

To numerically seek the exact lower bound 7's, we
compute the minimum eigenvalue of the matrix B}
defined by

vu', v e V"

(Bya", v") g, = b (u", ¥")

where we identify V" with R* (n := dim V"), and
correspondingly v € V" with ¢ € R™.
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Minimum eigenvalue of B)

Introduction 5000

Hybrid DGFEMs

Coerciveness

< Coerciveness of -5000

h
a, and b77

h )
S -10000
“ Lower bound 7g g : : 1 1 1
« Exact Lower S 15000 [ e e — e .
Bound of nf' o
< Minimum e el B — — — S e R i
eigenvalue of B! £ .
_ S -25000 - N s e -
< Comparison S I
bfwee” no and % -30000 e e e .
LB S
. . 235000 e e R -
Theoretical Analysis 7
Numerical Examples ~40000 | r—— S . 1
. -45000 | | I | |
gl 0 5 10 15 20 25 30
eta

July 8, 2015 DD23 — 25/ 41



Minimum eigenvalue of B)

Introduction 20000

T T T T T

h=0.1 ——
Hybrid DGFEMs 0 h=0.05
Coerciveness
% Coerciveness of -20000 = A I - - i

h h | | | | |
a,” and b (b} Do g g g g
K K S -40000 /o == L e e -
< Lower bound ng g
< Exact Lower S -60000 e b e e -
Bound of 7'y o
< Minimum Ll -80000 - R . o o ]
eigenvalue of Bj; -
: 3 100000 e e —— — -
< Comparison S
between 7 and c -120000 X ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, |
h | | | | | |
LB =
. , 2140000 [-rform e R e e -
Theoretical Analysis
Numerical Examples ~160000 ' """"""""""""""""" """"""""""""""""" """"""""""""""""" """""""""""""""" ]
i -180000 | i | | i
Conclusion 0 50 100 150 200 250 300

A =10
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Minimum eigenvalue of B)

Introduction 200000
Hybrid DGFEMs
0
Coerciveness
oto}?oercivgness of -200000
a, and b77 %
 Lower bound ng c_>r5 -400000
< Exact Lower GCJ X | | | |
Bound of nf'y L L e e e e .
< Minimum L
eigenvalue of B! £ 800000 |- o o e o .
< Comparison &
= -le+0Bp . . e o e .
between 1o and c ] | | | | |
h S ‘ | | | | |
n 1 | | | |
LB ~1.2€+06 | I —— — s e e .
Theoretical Analysis
_ -1.4e+06F o . i - e .
Numerical Examples *
- -1.6e+06 ' ' ' ' '
Conclusion 0 500 1000 1500 2000 2500 3000

eta

A = 100
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Minimum eigenvalue of B)

Introduction 26+06
Hybrid DGFEMs
0
Coerciveness
% Coerciveness of -2e+06
a® and b" (b}
n n S
< Lower bound ng c_>cs -4e+06
< Exact Lower GCJ | | | |
Bound of nf' o) 6e+06- o e e e e s .
<% Minimum L
eigenvalue of B/ £ Bet0B[ o o o S .
i S | | | | |
< Comparison & .
c  -letQ7p S s e e e 5
between 1o and c | 1 : ; ; 1
h = / 1 i i | |
n 1 1 1 1 1
LB -1.2€+07 e b o o s .
Theoretical Analysis
, ~1.4@+Q7 [ e e e e i .
Numerical Examples * % 3 3 3 3
i -1.6e+07 i i i i a
Conclusion 0 5000 10000 15000 20000 25000 30000
eta

A = 1000
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Comparison between n, and /',

Introéuction We plot 770 and UEB for )\ — 102 (Z — 0’ 1’ e ooy 4) |n the
(“Dybr"f e figures below, where the red line displays 7, and the
oerciveness

 Coerciveness of green one 773]3

h h
a, and b?7

% Lower bound

¢ e 100000
Q0 [ nalytuc Lower bound —+— 7
« Exact LOV}VLer [ Minir¥1um Eigen Value -~ ]
Bound of ni'g

< Minimum

eigenvalue of B/
" 10000 [

% Comparison
between 1o and

h
".B

Theoretical Analysis 1000

Numerical Examples

Conclusion

100 F

10

s MR | s MR | s MR | s MR
1 10 100 1000 10000

A
h=1/10
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Comparison between n, and /',

Introéuction We plot 770 and UEB for )\ — 102 (Z — 0’ 1’ e ooy 4) |n the
(“Dybr"f e figures below, where the red line displays 7, and the
oerciveness

 Coerciveness of green one 773]3

h h
a, and b?7

% Lower bound

¢ e 100000
Q0 [ nalytuc Lower bound —+— 7
« Exact LOV}VLer [ Minir¥1um Eigen Value -~ ]
Bound of ni'g

< Minimum

eigenvalue of B/
" 10000 [

% Comparison
between 1o and

h
".B

Theoretical Analysis 1000

Numerical Examples

Conclusion

100 F

10

s MR | s MR | s MR | s MR
1 10 100 1000 10000

A
h=1/20
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Comparison between n, and /',

Introéuction We plot 770 and UEB for )\ — 102 (Z — 0’ 1’ e ooy 4) |n the
(“Dybr"f e figures below, where the red line displays 7, and the
oerciveness

 Coerciveness of green one 773]3

h h
a, and b?7

% Lower bound

¢ e 100000
Q0 [ nalytuc Lower bound —+— 71
« Exact LOV}VLer [ Minir¥1um Eigen Value -~ ]
Bound of ni'g

< Minimum

eigenvalue of B/
" 10000 [

% Comparison
between 1o and

h
".B

Theoretical Analysis 1000

Numerical Examples

Conclusion

100 F

10

s MR | s MR | s MR | s MR
1 10 100 1000 10000

A
h=1/40
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Comparison between n, and /',

Intro?luction )\ 100 101 102 103 104
Hybrid DGFEMs
Coerciveness no = 8(A+2u) || 24.00 96.00 816.0 8016 80016

% Coerciveness of

)
M s ( ) [ 18.78 89.69 805.6 7969 79625
slowersonan [k (77=1/20) | 18.86 89.87 807.2 7976 79703
L ) | 18.89 89.96 808.8 7992 79859

Bound of nf' n

< Minimum
eigenvalue of B/!

% Comparison
between ng and

® We can observe that 7, is a good estimation of n!;.
Theoretical Analysis ® Hence we MUST take 77 — O()\) in DG_WOL as
Numerical Examples )\ — OQ.

h
".B

Conclusion
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Introduction

Hybrid DGFEMs

Coerciveness

<& }S)oercivgness of
a, and b?7

“ Lower bound 7g
< Exact Lower
Bound of nf'

< Minimum
eigenvalue of B/!

% Comparison
between 1o and

h
".B

Theoretical Analysis

Numerical Examples

Conclusion

Comparison between n, and /',

Here we note that the solution of DG(-wL or -wol)
u!' converges to the solution of the conforming FEM
uttoy @s n — oo, that is,

|lw) — uppillyn = O~ ?)  (n — o0).
This suggests that if we take n = O(\) as A — oo,
then locking phenomena may occur, because P;
conforming FEM causes locking phenemena.

We will show this fact theoretically and numerically
iIn what follows.
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Introduction

Hybrid DGFEMs

Coerciveness

Theoretical Analysis

% An a priori error
estimate for DG-wL
% Sketch of Proof of
Theorem 1

“ Locking Ratio

% DG-wL is locking
free.

% DG-woL shows
locking of order

h_l

Numerical Examples

Conclusion

Theoretical Analysis
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Introduction

Hybrid DGFEMs

Coerciveness

Theoretical Analysis

% An a priori error
estimate for DG-wL

+ Sketch of Proof of
Theorem 1

“ Locking Ratio

% DG-wL is locking
free.

% DG-woL shows
locking of order

h_l

Numerical Examples

Conclusion

An a priori error estimate for DG-wL

Theorem 1 Assume that A > 0 andn € |ny, no] with
0 <m <. Letu € Hi(Q2)* be the solution of the plane
strain problem. Assume that u € H*(Q2). Further let
o= ulrn. Letu™ € V" be the solution of DG-wL. Then

we have

|u — ||y < Chllull2g,

where C' is a positive constant independent of A > 0, n,
h, and wu.
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Sketch of Proof of Theorem 1

introduction ® This can be proved by a well-known method, which
S s also used in Hansbo—-Larson (2002), Wihler
woeriveness (2004), Di Pietro—Nicaise (2013), and so on.

Theoretical Analysi . .
wmapoioor @ Thatis, we reformulate the elasticity problem as a

estimate for DG-wL

Stokes problem with nonzero divergence constrain,
P —— and establish a uniform inf-sup condition.
#DG-wL s locking ® The uniform inf-sup condition can be established by

free.

#DG-wol shows the method of proof due to Egger-Waluga (2013).

locking of order
p—1

Numerical Examples

Conclusion

July 8, 2015 DD23 — 29/ 41



Introduction

Hybrid DGFEMs

Coerciveness

Theoretical Analysis

% An a priori error
estimate for DG-wL
% Sketch of Proof of
Theorem 1

“ Locking Ratio

% DG-wL is locking
free.

% DG-woL shows
locking of order

h_l

Numerical Examples

Conclusion

Locking Ratio

We define the so-called locking ratio due to
Babuska—Suri (1992).

® For )\ > 0, we define a solution space:
B = {y c H2(Q) N HL(Q)

0| g2y + Al div v|| gy < 1}.

® Forevery u € B* and forevery A > 0, let u? € V"
satisfy

al(u}, v") = al(u, v") Vo' e V"

where u := {u, u|}.
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Introduction

Hybrid DGFEMs

Coerciveness

Theoretical Analysis

% An a priori error
estimate for DG-wL
% Sketch of Proof of
Theorem 1

“ Locking Ratio

% DG-wL is locking
free.

% DG-woL shows
locking of order

h_l

Numerical Examples

Conclusion

Locking Ratio

We define the locking ratio L(A, i) for A > 0 and
h € (0, hl,

SUPyep» [|2 — w3 [y s

SupgeBx infyhezh Hg — Qthh .

L\ h) =

Now there exist positive constants C'; and C5 such that

C1h < sup inf Hg—thzh < Cyh Vh e (0, h).

ue B> vhev?h

This implies that we may redefine the locking ratio as
follows:

SUPyep» [|u — ui [y

h

L\, h) = (cf. [21, 7).
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DG-wL is locking free.

pirodueten DG-wL is locking free with respect to the solution set B*
Hybrid DGFEMs and the norm || - ||y« in the sense of BabuSka-Suri, i.e.,

Coerciveness

Theoretical Analysis
% An a priori error

lim sup sup L(\, h) < oo.

estimate for DG-wL h—+0 A>0

% Sketch of Proof of

Theorem 1 . . . .

s Locking Ratio Indeed, we see from the a priori error estimate in

Theorem T that

% DG-woL shows

locking of order h
= lu — " {|yn

— < Clluflzo < C,
Numerical Examples h — 114,
Conclusion

where C'is a positive constant independent of 4~ and .
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DG-woL shows locking of order !

pitoductior In DG-wolL, we must take n = O(\). So we assume
r/ord DEFENS n = c\, where c is a positive constant.
Let u? ¢ V" satisfy

Coerciveness

Theoretical Analysis
% An a priori error

estimate for DG-wL h h h\ _ 1h h h h
% Sketch of Proof of bc)\ (g)ﬂ Q ) T bc)\ (ﬂ, Q ) \V/Q < K :

Theorem 1

“ Locking Ratio

% DG-wL is locking
free.

% DG-woL shows

locking of order (L) {Qh c K? ’ le Qh = O} = {Q} \V/h - (07 B]a

We now pose a hypothesis:

h_l

Numerical Examples

where

Conclusion

Vi=U"NnH}(Q) (P, conforming FE space).

It is well-known that almost all triangulations satisfy (L)
(see Mercier(1979), Boffi—-Brezzi—Fortin(2013)).
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Introduction

Hybrid DGFEMs

Coerciveness

Theoretical Analysis

% An a priori error
estimate for DG-wL
% Sketch of Proof of
Theorem 1

“ Locking Ratio

% DG-wL is locking
free.

% DG-woL shows
locking of order

h_l

Numerical Examples

Conclusion

DG-woL shows locking of order !

Theorem 2 Assume that a family of triangulations
{T"}o-1<p satisfies (L). DG-woL withn = c\ (c > 0)
shows locking of order h=' with respect to the solution
set B* and the norm || - ||~ in the sense of
Babuska—Suri, that is,

0 < lim sup [h sup L(\, h)] < +00.
h—+0 A>0

Proof. This is established in a similar way to the way
which Brenner—Scott(2008) used to prove that 7
conforming FEM causes locking phenomena.
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Introduction

Hybrid DGFEMs

Coerciveness

Theoretical Analysis

Numerical Examples

% Test problem

% Locking ratio

% Errorvs. A € A
% Vector fields by
DG-wL (A = 107)
% Vector fields by
DG-woL (A = 107)

Conclusion

Numerical Examples
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Test problem

Introd. ction We use the same test problem that we used at the start.
Hybrid DGFEMs

Coerciveness . Domaln Q = (07 1) X (07 1)

Theoretical Anaysis @ We fix Lamé parameter u = 1.

Numerical Examples ® We determine the exact solution u by

< Locking ratio w(ﬂf) = 332 (ZU — 1)2,

% Error = AEA 1

Sc\al_evs:_oziezsltz)y7) \Ij(l’l, ZIZ’Q) = —§¢(1’1)¢(CB2) (Stream funCtion),
% Vector fields by

DG-wol (A = 107) u = rotW.

Soncusen ® The exact solution is independent of \ and satisfies

divu = 0.
® This test problem is presented in Bercovier—Livne
(1979) and Soon—Cockburn—Stolarski (2009).
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Introduction

Hybrid DGFEMs

Coerciveness

Theoretical Analysis

Numerical Examples

% Test problem

% Locking ratio
“wErrorvs. A € A
% Vector fields by
DG-wL (A = 107)
% Vector fields by
DG-woL (A = 107)

Conclusion

Test problem

® We use 4 meshes which are obtained by dividing
each side of Qinto 2’ x 10 (j =0, 1, ..., 3)
equi-length line segments.

meshes 7
DG-wL unstructured 1
DG-wolL | structured (FK type) | 19 = 8(A + 2u)
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Introduction

Hybrid DGFEMs

Coerciveness

Theoretical Analysis

Numerical Examples

% Test problem

% Locking ratio

% Errorvs. A € A
% Vector fields by
DG-wL (A = 107)
% Vector fields by
DG-woL (A = 107)

Conclusion

Locking ratio

® Let u be the exact solution.
® We consider the following solution set:

BY :={ou| |a| < 1}.

® Let () h) be the locking ratio with respect to the
solution set B* and the norm || - ||y/x.
® As an approximation of sup,., L(A, k), we compute

P J |5 = . 120) .
I%”\lEaK(L()\, h) (A {10 | j =0, 1, ; })

® We plot these values for DG-wL and DG-wolL in the
following figure.
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Hybrid DGFEMs

Coerciveness

Theoretical Analysis

Numerical Examples

% Test problem

% Locking ratio

“Errorvs. A € A
% Vector fields by
DG-wL (A = 107)
% Vector fields by
DG-woL (A = 107)

Conclusion

Locking ratio

10

Locking Ratio

%//4\'—/—4\

0.1

0.01

mesh size (h)

0.1
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Introduction

Error vs. \ € A

01 T T T T T T T
: Mesﬂ% ——
. M SR
Hybrid DGFEMs Mesh 2
Mesh 4
Coerciveness Mesh 5
Theoretical Analysis §
S
Numerical Examples © 001t i
% Test problem g
) ] (@] R X- e e e Hommmmmm e e
% Locking ratio <
s Errorvs. A € A GE) I Koooommmsmmaeees Hoormomoomaneees Horoooemmonooaes Heoomomoomeenneo Hoormoromannee Weorromooaeeeeeo oy f
% Vector fields by 8 ] N . o . B . §
BT
% Vector fields by —
DG-woL (A = 107) L
Conclusion
00001 M| L M| L L M| L L M| L L M| L L M| L L L
1 10 100 1000 10000 100000 1e+06 1e+07
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Introduction

Hybrid DGFEMs

Coerciveness

Theoretical Analysis

Numerical Examples

% Test problem
% Locking ratio

s Errorvs. A € A

% Vector fields by
DG-wL (A = 107)
% Vector fields by
DG-woL (A = 107)

Conclusion

Error vs. \ € A

H1 DG seminorm error

0.001
1

FK-Mesh1 —+—

FK-Mesh2 <
FK-Mesh 3 ---*---
FK-Mesh 4 -

100

10000 1le+06

A
DG-wolL

1le+08

le+10 le+12
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107)

Vector fields by DG-wL ()
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Hybrid DGFEMs
Coerciveness

% Test problem

% Locking ratio

s Errorvs. A € A

Introduction

02,

Conclusion

DG-wL
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Vector fields by DG-wL ()

Introduction
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Hybrid DGFEMs

Coerciveness
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Theoretical Analysis
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Vector fields by DG-wL ()
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Vector fields by DG-wL ()\ = 107)

Introduction

Hybrid DGFEMs

Coerciveness

Theoretical Analysis

Numerical Examples

% Test problem

% Locking ratio
“Errorvs. A € A

% Vector fields by
DG-wL (A = 107)

< Vector fields by
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Introduction

Hybrid DGFEMs

Coerciveness

Theoretical Analysis

Numerical Examples

% Test problem

% Locking ratio
“wErrorvs. A € A
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Conclusion

® DG-wL prevents volume locking phenomena.
Because we can choose a small n in DG-wL.

® On the other hand, when we use DG-woL, we have
to choose n = O(\) (A — o0). This choice causes
volume locking phenomena.

® We conclude that the lifting term is important for
avoiding the volume locking in our Hybrid DGFEM
formulation.
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